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a b s t r a c t
A proper vertex coloring of a graph G is called a dynamic coloring if for every vertex v of
degree at least 2, the neighbors of v receive at least two different colors. Assume that ch2(G)
is the minimum number k such that for every list assignment of size k to each vertex of
G, there is a dynamic coloring of G such that every vertex is colored with a color from
its list. In this paper, it is proved that if G is a graph with no component isomorphic to
C5 and ∆(G) ≥ 3, then ch2(G) ≤ ∆(G) + 1, where ∆(G) is the maximum degree of G.
This generalizes a result due to Lai, Montgomery and Poon which says that under the same
assumptions χ2(G) ≤ ∆(G) + 1. Among other results, we determine ch2(Cn), for every
natural number n.
© 2009 Elsevier B.V. All rights reserved.
Let G be a graph. We denote the edge set and the vertex set of G by E(G) and V (G), respectively. The number of vertices
of G is called the order of G. A proper vertex coloring of G is a function c : V (G) −→ L, where L is a set, with this property:
if u, v ∈ V (G) are adjacent, then c(u) and c(v) are different. A vertex k-coloring is a proper vertex coloring with |L| = k.
A proper vertex coloring of a graph G is called a dynamic coloring if for every vertex v of degree at least 2, the neighbors
of v receive at least two different colors. The smallest integer k such that G has a dynamic k-coloring is called the dynamic
chromatic number of G and is denoted by χ2(G). In [2] a generalization of dynamic coloring was given: for an integer r > 0,
a conditional (k, r)-coloring of a graph G is a proper k-coloring of the vertices of G such that every vertex of degree at least r
in Gwill be adjacent to vertices with at least r different colors. The smallest integer k for which a graph G has a conditional
(k, r)-coloring is the rth-order conditional chromatic number χr(G).
Let G be a graph and for every v ∈ V (G), let L(v) denote a list of colors available at v. An L-coloring, list coloring or choice
function is a proper coloring f such that f (v) ∈ L(v), for every v ∈ V (G). The graph G is k-choosable if every assignment of
k-element lists to the vertices permits a proper list coloring. The list chromatic number, choice number, or choosability of G,
ch(G), is the minimum number k such that G is k-choosable. A list dynamic coloring, f , is a dynamic L-coloring. The graph G
is called k-list dynamic colorable if every assignment of k-element lists to the vertices permits a dynamic coloring. The list
dynamic chromatic number of G, ch2(G), is the minimum number k such that G is k-list dynamic colorable.
Let Pn and Cn be the path and the cycle of order n, respectively. Let G be a graph with a proper vertex coloring c. For every
v ∈ V (G), we denote the degree of v inG, the neighbor set of v and the color of v by d(v) (or dG(v)),N(v) (orNG(v)), and c(v),
respectively. In this paper, δ(G) and∆(G) are used for the minimum degree and the maximum degree of G, respectively. For
each v ∈ V (G), c(N(v)) denotes the set of all colors used on the neighbors of v. We say that the dynamic property holds at v
if |c(N(v))| ≥ 2. In [1,3], it was proved that
χ2(Cn) =
{3 n ≡ 0 (mod 3)
4 n 6≡ 0 (mod 3) and n 6= 5
5 n = 5
and χ2(Pn) = 3, for every n ≥ 3. In this paper it is shown that ch2(Cn) = χ2(Cn). In [1], it has been proved that if G is a
connected graph with ∆(G) ≤ 3, then χ2(G) ≤ 4 with the only exception for G = C5, in which case χ2(C5) = 5. Also if
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∆(G) ≥ 4, then χ2(G) ≤ ∆(G)+ 1. Here we extend this result, showing that if G is a connected graph with∆(G) ≤ 3, then
ch2(G) ≤ 4 with the only exception for G = C5, in which case ch2(C5) = 5. Also if∆(G) ≥ 4, then ch2(G) ≤ ∆(G)+ 1.
Theorem 1. If n ≥ 3 is a natural number, then the following holds:
ch2(Cn) =
{3 n ≡ 0 (mod 3)
4 n 6≡ 0 (mod 3) and n 6= 5
5 n = 5.
Proof. Let p be a natural number. In [4] it has been proved that ch(G) = χ(G) if G = Cnp, where Cnp is the graph with vertex
set {v1, . . . , vn} in which two vertices vi and vj are adjacent if and only if j ∈ {i − p, . . . , i − 1, i + 1, . . . , i + p} (mod n).
Therefore ch(Cn2) = χ(Cn2). Since vi and vi+2 are adjacent in Cn2, for i = 1, . . . , n, thus in every proper coloring c of Cn2,
c(vi) 6= c(vi+2) and this implies that every proper coloring of Cn2 is a dynamic coloring of Cn. Hence χ(Cn2) = χ2(Cn) and
ch(Cn2) = ch2(Cn). So, ch2(Cn) = χ2(Cn). Now, by [1], the proof is complete. 
Evidently, ch2(G) ≥ ch(G) and ch2(G) ≥ χ2(G). So, ch2(G) ≥ max(ch(G), χ2(G)). It is not hard to see that if G is a tree, a
cycle or a complete graph, then ch2(G) = max(ch(G), χ2(G)). We propose the following conjecture:
Conjecture. If G is a graph, then ch2(G) = max(ch(G), χ2(G)).
Let H be a graph. We say that a graph G has an H component if G has a component isomorphic to H .
Theorem 2. Let G be a graph with no C5 component and∆(G) ≤ 3. Then ch2(G) ≤ 4.
Proof. Suppose the theorem is false, and let (G, L) be a counterexample, where L assigns a four-element list to each vertex
of G in such a way that G has no dynamic L-coloring, and G has as few vertices as possible. Clearly G is connected and has
more than one vertex.
Claim 1. Every vertex of G has degree 2 or 3, and no vertex of degree 2 is contained in a triangle.
Proof. If this is false, then G has a pendant vertex v, or a vertex v of degree 2 that is contained in a triangle. If G− v has no
C5 component, then G− v has a dynamic L-coloring by the minimality of G, and then v is easily colored. (If v is in a triangle,
then the dynamic property holds automatically at v and its two neighbors.) But if G−v has a C5 component, then G is formed
by joining v to one vertex or two adjacent vertices of a C5, and the result is easy to see, either directly, or by the argument in
the middle paragraph of the proof of Claim 2. In both cases we have a contradiction to the choice of G, and this contradiction
proves Claim 1. 
Claim 2. G does not contain two adjacent vertices of degree 2.
Proof. Suppose that G contains two such vertices, x and y. By Claim 1 and Theorem 1, G is not a path or a cycle. 
Suppose first that it is possible to choose x and y so that G− x− y has no C5 component, and so has a dynamic L-coloring
by the minimality of G. Let the other neighbors of x and y be u and v respectively, where u 6= v by Claim 1. If dG(v) = 2,
then redefine (x, y) to be the old (y, v), and iterate until dG(v) = 3. (If this causes G− x− y to have a C5 component C , then
C contains one vertex, namely v, that has degree 3 in G, and four vertices with degree 2 in G, and we can redefine x and y so
that y is a neighbor of v in C; then G − x − y has no C5 component.) By Claim 1, dG(u) ≥ 2; let u′ ∈ N(u) \ {x}. (Possibly
u′ = v, but u′ 6= y.) Color x differently from all of u′, u and v, and then color y differently from all of u, x and v; the result is
a dynamic L-coloring of G, which is a contradiction.
So wemay assume that G contains two adjacent vertices x, y of degree 2, but that G− x− y has a C5 component, for every
such pair x, y. Then it is easy to see that |V (G)| = 7, and G is formed by joining two vertices p, q by three internally disjoint
paths puq, pv1v2q and pw1w2q. Color p, v1, w1 and q with four distinct colors from their lists. Color v2, w2, u differently
from p and q so that c(v2) 6= c(v1), c(w2) 6= c(w1), and c(u) 6= c(w2). The result is a dynamic L-coloring of G, and this
contradiction completes the proof of Claim 2.
Claim 3. G contains a vertex of degree 2.
Proof. Suppose on the contrary that every vertex of G has degree 3. Let u ∈ V (G) and letN(u) = {x, y, z},N(x) = {u, w,w′},
and H = G−u− x. Since H has at most four vertices of degree 2, H has no C5 component, and so H has a dynamic L-coloring
c by the minimality of G. If c(w) = c(w′), then first color u differently from w, y, z and then color x differently from u, w,
y. If c(w) 6= c(w′), then first color x differently fromw,w′, y and then color u differently from its three neighbors. In either
case we obtain a dynamic L-coloring of G, and this contradiction proves Claim 3. 
It follows from Claims 1–3 that G contains adjacent vertices u, x such that dG(x) = 2 and dG(u) = 3. Let N(u) = {x, y, z},
N(x) = {u, w}, and H = G− u− x. If H has a C5 component, then by Claim 2, y, z and w are all vertices of this C5, and so G
is one of the graphs in Fig. 1. In this case we can interchange the roles of u andw, so that H does not have a C5 component.
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Fig. 1. The graph G, when H has C5 component.
Thus in all cases we may assume that H has a dynamic L-coloring, by the minimality of G. Note that w 6∈ {y, z}, since x
is not in a triangle by Claim 1; and dG(w) = 3 by Claim 2. If dG(y) = dG(z) = 3, then we first color u differently from w, y,
z and then color x differently from u, w, y to form a dynamic L-coloring of G. This contradiction shows that at least one of y
and z, say y, has degree 2 in G. Let N(y) = {s, u}, where dG(s) = 3 by Claim 2; possibly s = w, but s 6= z.
If dG(z) = dG(y) = 2, then let N(z) = {t, u}. Color u differently from s, t , w, and if necessary recolor y differently from
u, s and a vertex p ∈ N(s) \ {x, y}, and recolor z differently from u, t and a vertex q ∈ N(t) \ {x, z}. Then color x differently
from u,w, y. The result is a dynamic L-coloring of G, a contradiction.
So we may assume that dG(z) = 3. Color u differently from s, w, z, and if necessary recolor y differently from u, s and
a vertex p ∈ N(s) \ {x, y}. Then color x differently from u, w, y. As before, the result is a dynamic L-coloring of G, and this
contradiction completes the proof of Theorem 2. 
Theorem 3. If G is a graph with∆(G) ≥ 4, then ch2(G) ≤ ∆(G)+ 1.
Proof. Suppose the theorem is false, and let (G, L) be a counterexample, where L assigns a (∆(G)+ 1)-element list to each
vertex of G in such a way that G has no dynamic L-coloring, and G has as few vertices as possible. If δ(G) ≤ 1, then clearly
by Theorem 2 and the minimality of G, G is (∆(G) + 1)-list dynamic colorable. So assume that δ(G) ≥ 2. If there exists
u ∈ V (G) so that d(u) = 2, then let N(u) = {x, y}. If xy 6∈ E(G), let H = (G− u) ∪ {xy}. Otherwise let H = G− u. We have
3 ≤ ∆(H) ≤ ∆(G). Since∆(G)+ 1 ≥ 5, by the minimality of G and using Theorems 1 and 2, H is (∆(G)+ 1)-list dynamic
colorable with coloring c. Note that since δ(G) ≥ 2, there are two vertices x′ and y′ such that xx′, yy′ ∈ E(G) and x′, y′ 6= u.
So by letting c(u) ∈ L(u) \ {c(x), c(y), c(x′), c(y′)}, since c(x) 6= c(y), we obtain a dynamic coloring of G, a contradiction.
Now, suppose that δ(G) ≥ 3, u, v ∈ V (G) and uv ∈ E(G). Let H = G − u − v. By the minimality of G and applying
Theorems 1 and 2, H is (∆(G)+ 1)-list dynamic colorable with coloring c. Two cases can be considered:
Case 1. |c(NG−v(u))| = 1 or |c(NG−u(v))| = 1.
Without loss of generality assume that |c(NG−v(u))| = 1. Let c(NG−v(u)) = {i}. First we choose the color of v from the
set L(v) \ ({i} ∪ c(NG−u(v))) and then choose the color of u from the set L(u) \ {i, c(y)} and different from the color of v,
where y ∈ NG−u(v). This gives a dynamic coloring of G, a contradiction.
Case 2. |c(NG−v(u))| ≥ 2, |c(NG−u(v))| ≥ 2.
In this case it suffices to choose c(u) ∈ L(u) \ c(NG−v(u)) and then c(v) ∈ L(v) \ c(NG−u(v)), different from the color of
u, to find a dynamic coloring of G, a contradiction. 
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